Abstract-The conventional analysis of communication over graphical networks assumes that the energy received by a node on its incoming links cannot be reused by the latter for transmission on its outgoing links. Motivated by the emerging applications of wireless energy transfer to communication networks, a framework is studied in which the received energy can be (partially) reused. The framework leads to optimization problems over both standard information flow variables and energy flow variables that generalize the conventional formulation in terms of information flow variables only. Both unicast and multicast models are studied, and numerical results are presented that bring insight into the roles of the energy flow variables and of network coding in the presence of energy reuse.
I. INTRODUCTION
T HE conventional design of communication networks is based on the assumption that the energy received by a node cannot be reused for later communication tasks. However, a number of applications challenge this approach, including RFID systems [1] and body area networks [2] . The enabling technology behind these applications is wireless energy transfer, which has a long history [3] and is on its way to become widely available commercially (see, e.g., [4] [5]). It is noted that the efficiency of wireless energy transfer via nearfield induction can be as high as 90% [4] , whereas that of farfield radiations is generally much lower, depending critically on the antenna sizes and the communication distance, but is sufficient to warrant its commercial viability [5] .
Based on the observations above, a number of works have recently tackled the analysis of communication systems under the assumption that the received energy can be reused. Specifically, previous work [6] , [7] has focused on the problem of maximizing the information rate of single-source singlehop systems subject to minimum average received energy constraints. Reference [6] studied a single point-to-point channel, while [7] investigated a set of parallel point-to-point channels. The optimization of beamforming strategies for multiantenna broadcast channels under a similar criterion has been studied in [8] .
All the works mentioned above consider single-hop networks. In [9] , interactive channels with two nodes were studied in the presence of energy reuse. In this paper, instead, we tackle the analysis of general multi-hop networks with energy Manuscript received January 13, 2013. The associate editor coordinating the review of this letter and approving it for publication was H. Jiang.
The reuse. We adopt standard graphical network models (see, e.g., [10] ) and assume that the energy received by a node on its incoming links can be reused by the latter for transmission on its outgoing links. The analysis leads to (convex) optimization problems over both standard information flow variables and energy flow variables that generalize the conventional formulation in terms of information flow variables only (see [10] [11]). We treat the unicast case in Sec. II and the multicast set-up in Sec. III. In both cases, we also provide numerical results that bring insight into the roles of the energy flow variables and of network coding in the presence of energy reuse. We refer to [12] for a feasibility study of wireless energy transfer across multiple hops.
II. UNICAST NETWORK
Consider a standard unicast network modeled by a graph G = (N , E). The set of nodes is N = [1 : N ] and E ⊆ N ×N is the set of edges. Source node 1 wishes to communicate a message M ∈ 1 : 2 nR to the single destination node N . Each node k ∈ [2 : N − 1] acts as a relay to help the source node communicate its message to the destination node N . An example is shown in Fig. 1 . The extension to multiple sources, each with its own destination (the destinations are not necessarily distinct), is straightforward and will be briefly discussed below.
Each edge (j, k) between node j and node k is characterized by a function f jk (r jk ) that provides the average energy necessary to transmit at an information rate equal to r jk ≥ 0 on the (j, k) link. Following conventional definitions (see, e.g., [13] ), we refer to the variables {r jk } as specifying the information flow in the network. We assume that function f jk (r jk ) is monotonically increasing and convex. An example is Shannon's optimal energy-rate function for Gaussian channels, i.e.,
where g jk represents the channel energy gain for the (j, k) link assuming unit-power noise (recall that r jk = log 2 (1 + g jk f jk (r jk ))). We denote as p jk the average energy used for transmission on the (j, k) link. The average energies {p jk } are defined as the energy flow variables. From the discussion above, we have the inequality
since f jk (r jk ) is the energy required to transmit at rate r jk on link (j, k). In the conventional model in which the nodes cannot collect and reuse the received energy, it is clearly optimal to have (2) of f jk (r jk ) would not contribute to the system performance. However, this is not the case when nodes can harvest energy from the received signal for reuse on their outgoing links. In order to clearly identify the requirements of information and energy transfer, we observe that the average energy
is used solely for energy transfer, since the energy needed for information transfer at a rate r jk is f jk (r jk ). We refer to p e jk as the excess energy flow on link (j, k). Given the energy flow variables {p jk }, the average energy harvested by the kth node is given by
In (4), the parameters α jk account for path loss on the (j, k) link and for the efficiency of energy transfer and storage at node k, while β k is the average energy obtained by node k from external sources such as the electrical grid or solar panels.
A. Maximum Rate
In this section, we characterize the maximum rate R at which the source 1 can communicate reliably to the destination N on the network described above. We first observe that the information flow variables must satisfy the conventional information flow conservation conditions (see (6d)-(6e) below). Note that an implicit assumption behind this standard formulation is that the nodes have sufficiently long data buffers. As far as the energy flow is concerned, we instead need to impose the energy balance conditions
to all nodes k ∈ N . Constraint (5) states that the total average incoming energy q k in (4) at each kth node should be larger than the total outgoing energy from it, which is given by the right-hand side of (5). The fact that the constraint (5) is sufficient to ensure energy conservation at node k holds under the assumption that the nodes have sufficiently long energy buffers (see, e.g., [14] [15]). Overall, the maximum rate R and corresponding optimal information and energy flow variables, namely r jk and p jk for all edges (j, k) ∈ E, respectively, can be found by solving the following optimization problem:
where we recall that (6f) represents the energy conservation condition (5) due to (4). We observe that the problem (6) is convex, due to the convexity of functions f jk (r jk ), and thus can be solved using standard tools (see, e.g., [16] ).
A few further remarks are in place. First, by assuming that the energies p jk are fixed, constraint (6c) reduces to the standard per-link capacity constraint. Therefore, when eliminating the energy conservation constraint (6f), fixing the energies p jk leads to the standard maximum information flow problem over the variables {r jk } (see, e.g., [10, Ch. 15] ). As a second remark, we observe that the problem formulation (6) can be easily extended to the case in which there are multiple sources nodes, each with its own destinations (the destinations are not necessarily distinct). This can be done by introducing an information flow variable r m,jk for each mth sourcedestination pair and each link (j, k) ∈ E. The information flow conditions (6d)-(6e) are then imposed separately for each m, while (6c) and (6d) remain unchanged with the definition r jk = m r m,jk for the total information flow on link (j, k).
B. Numerical Results
Consider the graphical unicast wireless fading network illustrated in Figure 1 in which source 1 communicates to destination 10 through two layers of four relay nodes each. For each link, we assume the energy-rate function (1), where the channel energy gains g jk are independent and distributed as unit-power exponential variables (Rayleigh fading). We also set α jk = 0.5 for all links (j, k) ∈ E in (4). Finally the average energy β k obtained by node k from external sources in (4) is β k = 0.1 for all relay nodes k ∈ [2 : 9], while β 1 is varied for the source node.
In Fig. 2 , we show the rate R obtained by solving problem (6), as averaged over the realization of the channel gains {g jk }. For reference, we consider two strategies. In the first, we constrain the network to select only the rate-maximizing path between source and destination, where a path consists of the links (1, j),(j, k),(k, 10) with j ∈ {2, 3, 4, 5} being a relay in the first layer and k ∈ {6, 7, 8, 9} being a relay in the second layer of the network in Fig. 1 . The second reference strategy is such that it sets the excess energy flow variables p e jk to zero for all the outgoing links. As a result, this strategy uses on each link only the minimal energy necessary to support the information flow on the link, without allowing for additional energy transfer to be used on downstream links towards the destination. The rate for this strategy is obtained by imposed that the constraint (6c) be satisfied with equality. 1 In Fig. 2 , the average rates R for the optimal strategy and for the two references methods discussed above are shown versus the exogenous energy level β 1 at the source node 1. The performance loss of not allowing for an excess energy flow is apparent and is increasing with the exogenous energy β 1 available at the source. This is because more energy at the source enables a more effective management of the energy flow in the network if non-zero excess energies are allowed. Moreover, it is seen that forcing the network to use only a single path leads to a significant rate degradation. This suggests that both the ability to route information and energy over multiple paths and the use of excess energy flows are instrumental in obtaining the optimal performance.
III. MULTICAST NETWORK
In this section, we study a multicast network, modeled by a directed graph G = (N , E) . Unlike the unicast case studied in Sec. II, source node 1 wishes to communicate a message M ∈ 1 : 2 nR to a set of destination nodes D ⊂ N \{1}. An example is shown in Fig. 3 . All other definitions are as in Sec. II.
A. Maximum Rate
We investigate the maximum multicast rate R at which node 1 can communicate to the set of destinations D ⊂ N\{1}. As well known, for any given capacity, and thus energy, allocation on all links, the maximum rate is achieved by network coding [13] . For reference, we first consider the performance achievable with routing.
1) Routing:
To enable routing, we follow the standard approach (see, e.g., [17] ) and split the message M into n sub-
where the mth submessage M m ∈ 1 : 2 nRm has rate R m . Each message M m is routed on a tree that is rooted at node 1 and whose leaves are the destination nodes D. The trees are described by defining variables a m,jk for all m ∈ [1 : n] and (j, k) ∈ E as follows: a m,jk = 1 if the link (j, k) belongs to the tree of message M m and otherwise a m,jk = 0.
The maximum rate R achievable by routing and the corresponding optimal information and energy flow variables r jk and p jk for all edges (j, k) ∈ E, can then be found by solving the following optimization problem:
Condition (7e) states that the sum of all the information flows passing through a link (j, k) cannot be larger than the overall energy flow r jk . Instead, the inequality (7f) imposes energy conservation at each node k as in (6f). Similar to problem (6), the optimization (7) is also a convex problem and hence can be solved efficiently [16] .
2) Network Coding: Here, we characterize the maximum rate R achievable using network coding. Following [11] , we introduce an information flow variable r 
Similar to (6d)-(6e), the conditions (8e)-(8f) impose the information flow constraints for each destination d ∈ D, and inequality (8g), as (6f), ensures energy conservation. Constraints (8c) and (8d) follows from the results in [11] . Specifically, as shown in [11] , based on [13] , the overall information flow r jk for each link (j, k) is equal to
The fact that the maximum rather than the sum of the information flows, as in routing (cf. (7e)), affects the performance is a consequence of the achievability of the cut-set bound by network coding [13] . Condition (8c) then imposes that the information flow variables {r jk } and {r
jk } satisfy the condition (9) . Problem (8) is convex and can be solved via standard tools [16] .
B. Numerical Results
Consider the butterfly multicast network illustrated in Figure  3 with D = {6, 7}. For each link, like Section II-B, we assume the energy-rate function (1) , where the channel energy gains g jk are independent and distributed as a unit-power exponential variables (Rayleigh fading). We also set α jk = 0.5 for all links (j, k) ∈ E, and β k = 0.1 for all relay nodes except node 1 and node 4. We solve the optimization problems (7) and (8) in order to evaluate the system performance with network routing and network coding, respectively. Specifically, for routing, we split the message M into n = 2 submessages M 1 and M 2 , where M m ∈ 1 : 2 nRm for m = 1, 2, so that R m is the rate of message M m . The tree for message M 1 consists of edges (1, 2), (2, 4), (2, 6) , (4, 5), (5, 7) and the tree for message M 2 consists of edges (1, 3), (3, 4), (3, 7) , (4, 5), (5, 6). Figure 4 shows the average rates achievable with routing and network coding versus the exogenous energy level β 1 at the source node 1 for two values of the exogenous energy level at node 4. We observe that, for routing, the link (4, 5) belongs to the trees of both submessages, and hence the transmitted energy of node 4 must support the sum-rate R 1 +R 2 . Network coding instead alleviates this problem by coding across the two streams [13] . As a result, Figure 4 demonstrates the significant gains of network coding over routing. Moreover, this performance gain increases as the energy β 4 grows larger due to enhanced capability of network coding to leverage the energy at node 4 thanks to coding.
IV. CONCLUSIONS
The emerging paradigm of communication networks powered by the received radio signal calls for a revision of conventional analyses and design approaches. In this paper, we have taken a first step in this direction for the investigation of multihop networks. The presented analysis focuses on graphical networks and reveals the roles of energy flow variables and network coding in the presence of energy reuse. Extensions of interest include the design of decentralized solutions, using, e.g., dual decomposition as in [11] .
